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Introduction

In the paper [Akhl| a definition of cyclic structure for self-transversal PL-
mapping d : RP"* — R", with, generally speaking, critical points was pro-
posed. Assuming the dimensional restriction

n—4k>7 n=2"-1, n—k=0 (mod4), (1)

this definition was used in [Al] to investigate problems in stable homotopy
groups of spheres. In the paper [Akhl] the notion of cyclic structure was
considered only in the case n — 2k > 15. In this paper we present another
definition of cyclic structure

In the first part of the paper we investigate the dimensional restriction

n—3k>-8 mn—k=0 (mod2). (2)

And prove Lemma 2A. In the second part we prove the main result: Lemma
2B, assuming the following dimensional restriction

n—>5k>—-16, n—k=0 (mod 4). (3)



By the dimensional restriction (3) the condition (1) is possible only in the
case n > 127, i.e. in the case £ > 7. This case is used in the Main Result in
[A1].

Let us start by the main definition. Denote by I, C I, C D the following
subgroups 1; = Z/2, I, = Z/4 in the dihedral group D of the order 8 (see
more details in [A1l, p.5]).

Let d : RP"* — R" be an arbitrary PL-mapping. Denote by N =
N(d) the polyhedron of self-intersection points of the mapping d (see the
formula (18) below). This polyhedron, generally speaking, has a boundary
ON (this boundary consists of critical points of the mapping d). Assuming
the condition (2), a self-transversal mapping can have only self-intersection
points of the multiplicity 2 and the embedding N C R" is well defined. In
the considered case the polyhedron N has the dimension n — 2k. Denote
by N, an open polyhedron N \ ON, denote by U(ON), a deleted regular
neighborhood of the boundary 0N.

For an arbitrary N = N(d) the canonical 2-sheeted covering N — N
with ramification over the boundary ON is well defined (see the formula (19).
The standard inclusion iy : N C RP" % x RP"* is well defined. The inverse
image of the diagonal RPZZ-;S C RP"# xRP"~* with respect to the inclusion iy
coincides with the boundary 0N. The inclusion iy is invariant with respect
to the standard involutions (given by the permutation of the preimages) in
the target and in the source, denoted by T u Tgpn-+ correspondingly.

Let us assume that the image of the mapping d is contained on the surface
of the standard embedding sphere S"* C R". In this case the following
Ty, Tgpn-k-, Ton—2-, and Trn-equivariant mappings (the first and the third
equivariant mappings are equivariant embeddings):

N C RP"F x RP*™F — §"7F 5 gk C R" x R", (4)

where by T« is denoted the standard involution on S™ % x S"=* by Tgn is
denoted the standard involution on R™ x R™. The inverse image of the diag-
onal S % c S"* x §"F contains RP"_* the inverse image of the diagonal

diag diag’
Riiay C R™ X R" coincides to Sgi;:;-
Let d? : RP"* x RP** — R"™ x R® be an arbitrary Tigpn-«,
Trn—equivariant mapping, transversal along the diagonal. Denote

(d?) " (RY;,)/Trpn—r by N = N(d®) and let us call this polyhedron the
polyhedron of (formal) intersection of the mapping d®. For an arbitrary
point x = (x1,22) € N, 21 # x9, denote by U(z) a neighborhood of the point
x, which is a Cartesian product of neighborhoods z; € V(z;) C RP"* u
To € V(J]Q) C RP"*.



Definition 1. Let us call that an equivariant mapping d® has a holonomic
(formal) self-intersection, if there exists a mapping d : RP"~% — R", such
that d® is the holonomic extension of d in a small regular equivariant neigh-
borhood Ug;a, C RP" % x RP"* of the diagonal RPZ.;’; C RP"*xRP"* and,
moreover, if for an arbitrary point @ = (21, 23) € N\ (NNUgq,) the mapping
d® in a small neighborhood U(z) = V(x1) x V(z3) of this point is a Carte-
sian product of the two mappings f; : V(z1) — R" and fy : V(xg) — R,

d® = fi x fo (generally speaking, f; # d|v().i =1,2).

Definition of cyclic structure (comp. with [Definition 24,A1])

Let a polyhedron NN, be a polyhedron of (formal) self-intersection of an equiv-
ariant mapping d®, n = 2! — 1,1 > 7. For an arbitrary non-negative integer
q, assuming the dimensional restriction n — 2k — 2¢ > 1, let us define the
following relative homology class

[Ny, 0] € Hy—o—2¢(No,U(ON)o; Z/2), (5)

where by U(ON), C N, is denoted a regular deleted neighborhood of the
boundary.
Denote by

d) : RP™F9 5 RP"7F74 C RP™F x RP™F (6)

the restriction of the equivariant mapping d® on the Cartesian product of the
standard projective subspace of the codimension ¢. In particular, for ¢ = 0
we get d((f) = d®. Let us assume that the equivariant mapping d® is generic
and that each mapping (6) is also generic. Let us denote the polyhedron of
(formal) self-intersection points of the mapping (6) by

Ng,  Ngo = Ny \ ON,. (7)

Obviously, we have dim(N,) = n — 2k — 2q.
The following standard inclusion

iNg © Ngo C No. (8)

is well defined.

Let us define a relative homology class (5) as the image of the relative
fundamental class of the polyhedron with boundary (7) (assuming d® is
generic, this relative fundamental class is well defined) by the inclusion (8).

Assume that the mapping

fa = (N,ON) = (K(Io, 1), K(Ig, 1)) (9)
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is well defined.
For an arbitrary ¢ > 0 the following characteristic number in the left side
of the equation

(t10(tq); [Ng, 9]) = 1, (10)

is well defined, where t, € H"%*~2(K(I,,1), K(I4,1);Z/2) is the generic
cohomology class, which transforms to the generic cohomology class in
H"=2F=24(K (1,,1); Z/2) by means of the homomorphism

g  H220(K(1,,1), K(14,1);Z/2) — H" 272K (1,,1); Z/2).

The mapping (9) is called the cyclic structure of the equivariant mapping
d® with holonomic self-intersection (in particular, if d®) is a extension of a
self-transversal mapping d), if the family of equations (10) are satisfied and
the following boundary condition:

,ua|U(aN)o = Ko|U(aN)oa (11)

is satisfied, where k. : U(ON), — K(I),1) is the mapping, which determines
the reduction of the structural mapping 7, on the deleted neighborhood of

the boundary U(ON ),.
The main result is the following lemma.

Lemma 2.

A. Assuming the dimensional restriction (2), there ezists a generic PL-
mapping d : RP"*F — R™ (with singularity), such that the formal exten-
sion d? of d admits a cyclic structure. Moreover, the structured mapping
No : No = K (D, 1) admits a reduction to a mapping into K (I,,1) C K(D,1),
which is defined by the mapping pi, : No — K(I,,1), namely, n, = i1, p © ta,
where i1, p : K(I,,1) = K(D,1) is the mapping, which is induced by the
inclusion of the cyclic subgroup.

B. Assuming the dimensional restriction (3), there exists an equivariant
generic mapping d® with holonomic self-intersection, which admits a cyclic
structure.

1 Auxiliary mappings
Construction of an axillary mapping c: RP"* — R" ¢: S"*/i —» R"

Denote by J the standard (n — k)—dimensional sphere, which is represented
as the join of "_Tk“ = r copies of the circle S'. We denote the standard
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embedding of J into R" of the codimension n — k by
iy:JCR" (12)

The mapping p’ : S" % — J is well defined as the join of r copies of the
standard 4-sheeted coverings S' — S'/i. The standard action I, x S % —
5™~k commutes with the mapping p’. Thus, the map

p:S"RA T (13)
is well defined and the map (covering with ramification)
p=pom :RP"* - J (14)

is well defined as the composition p o 7 : RP"* — J of the standard double
covering 7 : RP"* — S"~* /i with the map p.
The required auxiliary mapping c is denoted by the composition

c=ijop:RP"F 5 JCR™ (15)
The required auxiliary mapping ¢ is denoted by the composition

iyop:S"F/i = R™ (16)

2 Configuration spaces and singularities

Subspaces and factorspaces of the 2-configuration space for RP"*,
related with the axillary mappings c, ¢

Let us define a manifold with boundary T', the interior of this manifold with
boundary I'; C I' and 2-sheeted covering I'. Let us consider the configuration
space

[ = (RP" % x RP" %\ Agpus)/T (17)

of the space RP" %, which is called the "‘deleted product"’. This space is
the quotient of the deleted Cartesian product with respect to the involution
T : RP"k x RP"* — RP" % x RP"~*_ which permutes the coordinates. The
space (17) is an open manifold.

Define the space IV (a manifold with boundary) as the spherical bow-
up of the space (17) along the diagonal. Recall, that the spherical blow-up
is defined as the standard compactification of the open manifold RP"* x
RP" %\ Agpn-x by means of fiberwise gluing of the fibers ST Agpn—» of the
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spherization of the tangent bundle T'Agpn-+ of the normal bundle over the
diagonal Agpn—t C RP" % x RP"* The following natural inclusions are
well-defined:

RP" ™ x RP" ™"\ Agpn-r C T,

STARPH*I@ C F

On the total space of 2-sheeted canonical covering I of the space I the
following free involution 7" : I' — T, which is the extension of the involution
T is well defined.

The quotient I'V/T" denote by I", the corresponding 2-sheeted covering
denote by

o T T > T

The space I" is an open manifold with boundary, this manifold is called the
blow-up of the configuration space (17). The projection pgr : OT" — RP"~*
is well defined, this projection is called the resolution of the diagonal.

For an arbitrary PL-mapping d the polyhedron N, = N,(d) of self-
intersection points of d is defined by the formula:

No = Cl{([z,y]) € int(T) - y # x, d(y) = d(x)}. (18)

By the Porteous Theorem [Por|, assuming that the mapping d is smooth
and generic, the polyhedron NN, is the interior of the manifold with boundary
of the dimension (n — 2k), denote this manifold with boundary by N"~2%(d).

It is easy to check that the formula (18) determines an inclusion of the
pair of polyhedra:

in: (N,ON) C (T,0r).

The boundary ON of the polyhedron N is called the polyhedron of critical
points of the mapping d. The natural mapping (N"~2*(d), ON"~2(d)) —
(N,0N), called the resolution mapping, is well defined. The restriction of
this mapping on N"?*(d) \ ON""2(d) is a PL-homeomorphism onto N.,.
The canonical 2-sheeted covering

py N = N, (19)

with ramification over the boundary N (over this boundary the covering is a
P L-homeomorphism) is well defined. The following diagram is commutative:

i (N"2%(d), ON"2(d)) < (¥, 01")
b on b pr

iN(d) : (N, 8N) C (F,@F)



Structural mapping 7y, : N, — K(D, 1)

Let us define a mapping
e TV — K(D, 1), (20)

which is called the structural mapping of the "‘deleted product"’. Let us
note that the inclusion ' ¢ RP"* x RP™* induced the isomorphism of
the fundamental groups, because the codimension of the diagonal Agpn-x C
RP"—* x RP"~* satisfies the inequality n — k > 3. Therefore the following
equation is satisfied:

m((T) = Hi(T;Z/2) =Z/2 D Z)2. (21)

Let us consider the induced automorphism 7! : Hy(I';Z/2) —
H,(I'";Z/2). Note that this automorphism is not the identity. Let us fix the
isomorphism H;(I";Z/2) u 1., where the generator of the first (correspond-
ingly, the second) factor of the group H;(I";Z/2) (see (21)) is mapped to
the generator ab € I. C D (correspondingly, to the generator ba € I, C D),
which in the standard representation of the group D is determined by the
symmetry with respect to the second (correspondingly, to the first) coordi-
nate axis.

It is easy to verify that the automorphism of the conjugation with respect
to the subgroup I. C D by means of the element b € D \ I, (in this formula
the element b can be chosen arbitrarily), defined by the formula z — bxb™?,
corresponds to the automorphism 7). The fundamental group m (I”) is a
quadratic extension of 7 (I) by means of the element b, and this extension
is uniquely defined up to isomorphism by the automorphism 77. Therefore
m(I") ~ D, and hence the mapping np : IV — K(D, 1) is well defined.

It is easy to verify that the mapping nr|or takes values in the subspace
K(I;,1) ¢ K(D,1). The mapping nr induces the map

Mo : (No,U(ON),) — (K(D, 1), K(I, 1)), (22)

which we call the structure mapping. (The notion of the structure map-
ping is analogous to the notion of the classifying mapping for D—framed
immersion.) Also, it is easy to verify that the homotopy class of the com-
position U(ON), —= K(I,,1) 2 K (I, 1) coincides with the characteristic
map k : U(ON), — RP"* — K(I,4,1), which is the composition of the res-
olution map U(ON), — ON C RP"* and the embedding of the skeleton
RP"* C K(I,,1) in the classifying space.



Structural mapping 7y, : ¥, — K(D, 1)

The formula (18) is well-defined for an arbitrary mapping. Let us apply this
formula to the mapping p, given by the formula (14).

Denote by ¥, C I, the polyhedron of self-intersection points of the map-
ping p : RP"* — J this polyhedron is defined by the formula (18) in the
case d = p. This polyhedron is equipped with the structural mapping

s, - Zo — K(Dv ]-)7 (23)

which is induced by the restriction of the structural mapping nr, on the space
Y.
Denote by

Z:cmifz'diag C Fo (24)

the subspace, called the antidiagonal, which is defined by {[(z,y)] € T, :
x,y € RP"* x # y, Tep(z) = y}. It isnot hard to check that the antidiagonal
Yantidiag C I's is defined as the fixed point set of the involution Tt .

The polyhedron ¥, C I', of self-intersection points of the mapping p is
represented by the union

Eo - Zantidiag U KO7 (25)

where K, is the open polyhedron, which contains all points in >J,, but points
on the antidiagonal. The restriction of the structured mapping nr, : I'c —
K(D,1) on I', and on K, denote by nr, and 1k, correspondingly.

Let us consider the closure CI(K,) C T of the polyhedron K, C T, denote
this polyhedron by K Denote by Quntidgiag the space Xontidgiag N K, denote by
Qdiag the space Ol g0y N K. Evidently, Quicg C K and Qantidiag C K. Let us
called the considered subspaces the boundary components of the polyhedron
K.

Denote by 7, the restriction of the structural mapping 7nr, on the open
polyhedron K,. Note that the structural mapping 7, extends from K,
on the component of the boundary Quntidgiag- Denote this extension by
NQuntidiag - Qantidiag — K (D, 1). The mapping 1q,, ..., 15 represented by the
composition of the mapping Nnsigiag : Qantidiag — K (I, 1) and the standard
inclusion i1, p : K(I,,1) C K(D,1).

The structural mapping 7, does not extended to the component )g;q4 of
the boundary. The mapping

Ndiag - Qdiag — K<Id7 1) (26)

8



is well defined.

Let us denote by U(Quiag)o C Ko a small regular deleted neighborhood of
Qdiag- The standard projection projuiag : U(Qdiag)o — Qdiag is Well defined.
The restriction of the structural mapping 7, on the neighborhood U(Quiag)o
is represented by the composition of the mapping nvq..,. @ U (Qdiag)o —
K (Ip,1) and the mapping ir, p : K(I;,1) — K(D,1). The homotopy classes
of the mappings 740y and nyq,,,,, are related by the following equation:

Ndiag © prOjdiag = P11, ° T]UQdmgo . (27)

Resolution space RY. of the polyhedron X

Below the space RY., which is called resolution space of the polyhedron ¥, is
defined.
The space RY is decomposed as following:

RS = RNURL, (28)

where RN and RL are closed polyhedra.
The projection

RE 3, (29)

is well defined, moreover, there is an inclusion Qgiay C pr(RL).
The following mapping of triads are well defined:

(RN,RL; RN N RL) “™%% (K(1,,1), K(L,, 1); K(I41)). (30)
Denote by
¢: RY — K(I,,1) (31)

the mapping, which coincides on the subpolyhedron RN C RY to the map-
ping ¢gy from the diagram (30), and on the subpolyhedron RN C RX
coincides to the composition of the mapping ¢r;, from the diagram (30) with
the projection pr, 1, : K(I,1) — K (I, 1) (this two restrictions define the
mapping ¢).

Let us introduces the following denotation: RQuiag = (p7) " (Quiag). De-
note by U(RQgiqg) the regular neighborhood and by U(RQgiqg). the regular
deleted neighborhood of the subpolyhedron RQgi,, C RK. The neighbor-
hood U(RQ4iqg) is small, such the inclusion U(RQ4iqg) C RL is well defined.

The following diagram of mappings is well defined:
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U(RQdiag)o ﬂ> U(Qdiag)o

¢Ib N\ vd NUQaiago (32)
K(I, 1),

in this diagram by ¢r, is denoted the restriction of the mapping ¢rr (see.
(30)) on the subspace U(RQaiag)o C RL, the mapping nyq,,,,, is defined
above the formula (27). .

To prove the main result the following lemma is required.

Lemma 3. There is a space RY which is equipped with the mapping (31).
The commutative diagram (32) determines the boundary conditions.

3 The beginning of the proof of main result in
the case of dimensional restriction (2)

Let us recall that the polyhedron J is PL-homeomorphic to the standard
sphere S"%. Let us consider the embedding (12) and let us present this
embedding by the composition of the standard embeddings: iy : J C R**+1,
ip : RPFL C R34, R*3 C R™.

Let us consider the mapping ¢ : S"*/i — R", which is given by the
formula (16). Let us present this mapping as the composition of the mapping
¢ : S"%/i — R 1 the mapping i, : R" ¥t C R"? and the mapping
ip : R"3 C R™.

Let us consider the mapping ¢, : S"*/i — R"~3, which is obtained from
¢ = i1 o ¢ by means of C'-small PL-deformation, which is vertical with
respect to the orthogonal projection proj; of a small regular neighborhood U,
of the embedding sphere i, 0ig : J C R"3 onto the central sphere I'm(i; oig).
Let us consider the mapping po & : RP"* — S"*/i — R"3 and define
the mapping ¢} : RP"~* — R"~3 as the result of an additional proj-vertical
C'-small PL-deformation, much smaller then the deformation 4, o ¢y — ¢,.

Let us denote the polyhedron of self-intersection points of the mapping
¢} and its interior by

N, c N'. (33)

By dimensional reason the mapping ¢ has no self-intersection points of the
multiplicity 3 and greater. The codimension codim(3(c})) of this polyhe-
dron inside the source manifold RP"~* is equal to k — 3 and, assuming the
dimensional restriction (2), we get: 2codim(N') > n — k.
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Because the deformation p o ¢; — ¢} is vertical, the polyhedron N/ is a
subpolyhedron in X,.
The following commutative diagram is well defined:

Né ) U(Nc/liag)o

78 (34)
K(D,1).

Below in Lemma 6 we define the required mapping d : RP"* — R" by
means of an additional deformation iy 0} — d. The deformation iyo ¢} — d,
generally speaking, is not, vertical with respect to projyo(R™ — R"™3), where
R"™ — R"~3 is the standard orthogonal projection. Properties of the mapping
d are described below in Lemma 4.

The following commutative diagram (35) of maps of polyhedra with de-
scribed boundary conditions under the diagram is well defined. To the spaces
in the lines 4,5,6 of this diagram are mapped the spaces of the lines 2,3,4 of
the commutative diagram (36) correspondingly.

K (I, 1)

To N¢

RY O U(RQuiag)o

L pr \
K O U(Quaiag)o (35)
U U
N, D U(Nyiag)o
b 16
K(D,1).
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K (L, 1)

e N\ Ha
N, D U(Niag)o (36)
47

K(D,1).

Boundary conditions in the deleted neighborhood U(Nyjg). are given by
the formula: 1o = Naiag : U(Naiag)o — K (14, 1) — K (I, 1).

In this diagram (36) by N, is denoted an open polyhedron of self-
intersection points of the mapping d. Denote by N the closure of the poly-
hedron N,. Denote by U(Ngiag)o a small regular deleted neighborhood of the
diagonal Ny, of the polyhedron V.

Lemma 4. There exists a C'—small PL-deformation is 0 ¢ — d such that
for the polyhedron N there exists a resolution map rez : N — RY to the
corresponding space of the second row of the diagrams (35). The map p, :
N — K(I,,1) (see the equation (9)) is defined by the formula p, = ¢ o rez,
where the mapping ¢ is defined by the formula (31).

The restriction of p, on N, C N determines the reduction of the structural
mapping: i1, o © e = 1o : No — K (D, 1) ( see the formula (22)).

In particular, the mapping . satisfies the required boundary conditions
over Ngiqg and induces a cyclic structure of the extension d?.

4 Coordinate system angle-momentum on the
spaces of singularities and construction of the
resolution spaces

A preliminary step in the proof of Lemma 4

Let us present the plan of the proof. We start by an explicit description
of the polyhedron ¥, and the structural maps 7, on these polyhedra by
means of coordinates. Then we construct the spaces RY, equipped with
maps pr: RY. — ¥ and ¢ : RY — K(I,,1), which satisfy required boundary
conditions (32).
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The complex stratification of polyhedra J, ¥, ¥, by means of the
coordinate system angle - momentum

Let us order lens spaces, which form the join, by the integers from 1 up to
r and let us denote by J(ki,...,ks) C J the subjoin, formed by a selected
set of circles (one-dimensional lens spaces) S'/i with indexes 1 < ky < -+- <
ks < r, 0> s > r. The stratification above is induced from the standard
stratification of the open faces of the standard r-dimensional simplex 0" under
the natural projection J — 0". The preimages of vertexes of a simplex are
the lens spaces J(j) C J, J(j) ~ S'/i, 1 < j < r, generating the join.

Define the space J¥ as a subspace of .J, obtained by the union of all
subspaces J(ki,...,ks) C J.

Denote the maximum open cell of the space p~(J(ky,...,ks)) by
U(ky,... k) € S*F/i. This open cell is called an elementary stratum of
the depth (r — s). A point at an elementary stratum U (ky,..., k) C S"7F/i
is defined by a set of coordinates (iy,,...,Zx,,\), where @, € St is a co-
ordinate on the 1-sphere (circle), covering lens space with the number k;,
A = (lgy,---,lg,) is a barycentric coordinate on the corresponding (s — 1)-
dimensional simplex of the join. Thus if the two sets of coordinates are
identified under the transformation of the cyclic I,-covering by means of the
generator, which is common to the entire set of coordinates, then these sets

define the same point on S” % /i. Points on elementary stratum U(ky, . . ., k;)
belong in the union of simplexes with vertexes belong to the lens spaces of the
join with corresponding coordinates. Each elementary strata U(ky, ..., ks) is

a base space of the double covering U(ky, ..., ks) — U(kl, ..., kg), which
is induced from the double covering RP"~* — S"%/i by the inclusion
Ulky,... k) c 8" */i.

The polyhedron K, = K \ Quiqg is slitted into the union of open sub-
sets (elementary strata) K (ki,...,ks), 1 < s < r correspondingly with the

stratification
J(T) Cc---C J(l) C J(O)’ (37)

of the space J. For the considered stratum a number r — s of missed coordi-
nates to the full set of coordinates is called the deep of the stratum.
Let us introduce the following denotation:

gl — @ \ g+l (38)

The polyhedron ¥, is defined as the union of K, with the antidiagonal
stratified subpolyhedron (24) over the common subpolyhedron Quniydiag-

Let us describe an elementary stratum K =*l(k,... k) by means of the
coordinate system. To simplify the notation let us consider the case s = r.

13



Suppose that for a pair of points (x1, 3), defining a point on K(1,...,7),
the following pair of points (Z1,#2) on the covering space S"* is fixed, and
the pair (#1,22) is mapped to the pair (z;, z3) by means of the projection
of S" % — RP"*. Accordingly to the construction above, we denote by
(T14,224), @ = 1,...,r a set of spherical coordinates of each point. Each
such coordinate with the number ¢ defines a point on 1-dimensional sphere
(circle) S} with the same number 4, which covers the corresponding circle
J(i) C J of the join. Note that the pair of coordinates with the common
number determines the pair of points in a common layer of the standard
cyclic I,-covering S — S1/i.

The collection of coordinates (%, ¥2;) are considered up to independent
changes to the antipodal. In addition, the points in the pair (x,z5) does
not admit a natural order and the lift of the point in K to a pair of points
(Z1,Z2) on the sphere S" % is well determined up to 8 different possibilities.
(The order of the group Dy is equal to 8.)

An analogous construction holds for points on deeper elementary strata
KU=sl(ky, ... k), 1 <s<r.

The coordinate description of elementary strata of the polyhedron
K, C X,

Let + € KI"*l(ky,... k) be a point on an elementary stratum. Consider
the sets of spherical coordinates &1, u T2, k1 < i < k; of the point z. For
each ¢ the following cases: a pair of i-th coordinates coincides; antipodal, the
second coordinate is obtained from first by the transformation by means of
the generator (or by the minus generator) of the cyclic cover. Associate to
an ordered pair of coordinates ¥, and Zay,, 1 < ¢ < s the residue v; of a
value +1, —1, +i or —i, respectively.

When the collection of coordinates of a point is changed to the antipodal
collection, say, the collection of coordinates of the point x5 is changed to the
antipodal collection, the set of values of residues of the new pair (Z1,Z3) on
the spherical covering is obtained from the initial set of residues by changing
of the signs. The residues of the renumbered pair of points change by the
inversion. Obviously, the set of residues does not change, if we choose another
point on the same elementary stratum of the space K.

Elementary strata of the space K(ky,...,ks), in accordance with sets of
residues, are divided into 3 types: I, I, I;. If among the set of residues are
only residues {+i, —i} (respectively, only residues {41, —1}), we shall speak
about the elementary stratum of the type I, (respectively of the type I,). If
among the residues are residues from the both set {+i, —i} and {+1, -1}, we
shall speak about elementary stratum of the type I;. It is easy to verify that
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the restriction of the structure mapping n : Ko, — K(Dy, 1) on an elementary
stratum of the type 1, I, I; is represented by the composition of a map in the
space K(I,,1) (respectively in the space K (I;,1) or K(I4, 1)) with the map
Qg 0 K(I,,1) — K(Dy, 1) (respectively, with the map i, : K (I,,1) — K(Dy, 1)
orig: K(I5,1) — K(Dy,1)). For the first two types of strata the reduction
of the structural mapping (up to homotopy) is not well defined, but is defined
only up to a composition with the conjugation in the subgroups I, I,.

The polyhedron 33, is defined by the union of K, with all antidiagonal
strata. On antidiagonal strata the residue of each coordinate is equal to +i.
Antidiagonal strata will be considered as strata of the type I,. The polyhe-
dron X is defined from X, by completion by all elementary diagonal strata
(on each elementary stratum K (ki, ..., ks) the residue of each coordinate is
equal to +1), of the boundary of the polyhedron. It is easy to check that
Y\ 3, contains all elementary diagonal strata of deeps > 1.

Define the following open subpolyhedra:

Ky, C K, C %, (39)
K1, C K, C %, (40)
Ky, C K, C %, (41)

by the union of all elementary strata of the corresponding type.

Description of the structural map 7, : ¥, - K(D,1), by means of
the coordinate system

Let * = [(x1,22)] be a marked a point on K,, on a maximal elementary
stratum. Consider closed path X : S — K., with the initial and ending
points in this marked point, intersecting the singular strata of the depth
1 in a general position in a finite set of points. Let (i,&2) be the two
spherical preimages of the point x. Define another pair (z}, ¥}) of spherical
preimages of x, which will be called coordinates, obtained in result of the
natural transformation of the coordinates (%1, @y) along the path A.

At regular points of the path A the family of pairs of spherical preimages
in the one-parameter family is changing continuously, that uniquely iden-
tifies the inverse images of the end point of the path by the initial data.
When crossing the path with the strata of depth 1, the corresponding pair of
spherical coordinates with the number [ is discontinuous. Since all the other
coordinates remain regular, the extension of regular coordinates along the
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path at a critical moment time is uniquely determined. For a given point x
on elementary stratum of the depth 0 of the spaces K, the choice of at least
one pair of spherical coordinates is uniquely determines the choice of spheri-
cal coordinates with the rest numbers. Consequently, the continuation of the
spherical coordinates along a path is uniquely defined in a neighborhood of
a singular point of the path.

The transformation of the ordered pair (%1, Z2) to the ordered pair (&}, Z5)
defines an element the group D. This element does not depend on the choice
of the path [ in the class of equivalent paths, modulo homotopy relation in
the group 7 (2o, ). Thus, the homomorphism 7 (2., z) — D is well defined
and the induced map

Mo 8o — K(D, 1) (42)

coincides with structural mapping, which was determined earlier. It is easy
to verify that the restriction of the structural mapping 1 on the connected
components of a single elementary stratum K,(1,...,r) is homotopic to a
map with the image in the subspeces K(I,,1), K(I,,1), K(I4,1), which cor-
responds to the type and subtype elementary stratum.

Consider an elementary stratum K'=l(k,... k) C K™ of the depth
of (r — s). Denote by

m K=l (ky, k) = K(Z/2,1) (43)

the classifying map, that is responsible for the permutation of a pair of points
around a closed path on this elementary stratum. This mapping is called the
classifying mapping for the canonical 2-sheeted covering.

The mapping 7 coincides with the composition

KUk, . k) =5 K(Dy, 1) = K(2/2,1),

where K (Dy4,1) 2+ K(Z/2,1) be the map of the classifying spaces, which is
induced by the epimorphism Dy — Z/2 with kernel I, C D, . The canonical
2-sheeted covering, which is associated with the mapping 7, denote by

R0k, k) =K', k) (44

Lemma 5. The restriction of the mapping (43) on each elementary stratum
1s homotpic to the composition

7 KUk, k) — ST € K(Z)2,1), (45)
where S* C K(Z/2,1) is the embedding of 1-dimensional skeleton of the

classifying space.
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Proof of Lemma 5

Explicit formula for the mapping (45) is required. Let us considered cases of
elementary strata of types I, I,, I,.

An arbitrary point (zy, zs) € KI"*I(ky, ..., k,) is uniquely determined by
an equivalent class of the collection of the angular and momentum coordi-
nates. Two prescribed pair of angular coordinates beside all pairs of angular
coordinates are described below. Let us define the mapping (43) by two pairs
of angular coordinates, the first pair of coordinates has the residue +1, the
second pair has the residue —1.

Correspondingly values of the residues, we shall denote the first pair of
prescribed angular coordinates by (%1, %2 ), the second pair of prescribed
coordinates by (Z 4, &2 ). Each prescribed coordinate &y _, 1 4, @2, To ¢
determines the corresponding point on S'. It is easy to check that &; _ =
—Z9_, 14+ = Ta4. Therefore the mappings [(z1,x2)] — &1 - (mod — 1),
[(z1,22)] — %14+ (mod — 1) are well defined and, in particular, are not
dependent of an order of the points in the pair.

Denote the product i _ - %1 of two points on S' by #. The mapping
(z1,29) — & (mod — 1) € S'/ — 1 is well defined. This mapping is the
restriction of the required mapping (45) on the stratum of type I,.

Assume that a point (x1,25) € KI"*l(ky,... k) belongs to the stratum
of the type I, (including antidiagonal strata). The mapping (43) is uniquely
determined by a transformation of the two prescribed pairs of angular coor-
dinates with residues —i, +i.

Residues of a pair of the prescribed coordinates are well defined, let us
denote the first pair of the prescribed coordinates by (&1 i, @2 ;) and the
second pair of the prescribed coordinates by (&1 4i,Z24i). It is not hard to
check that ifi’L_ = j}27_7 ii’L_;,_ = j327+. The mapplng [(Jfl,l‘g)] — (LIV’JL_H)Q
(mod — 1) is well defined. This mapping is the restriction of the required
mapping (45) on the stratum of type 1,.

Assume that a point (x1,25) € KI"*l(ky, ..., k,) belongs to the stratum
of the type I; The mapping (43) is homotopic to the constant. Let us define
this mapping by the following formula. Take a coordinate system such that
there exist the prescribed pair of angular coordinates with the residue +i.
Denote this prescribed pair of coordinates by (&1 4i,2Z24i). The mapping
[(z1,22)] + (#143)* (mod — 1) is the restriction of the required mapping
(45) on the stratum of type 1.

Lemma 5 is proved.
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Free involution of the polyhedron K,

Let us consider the polyhedron K, which is defined by the formula (25).
Define a free involution

Tw., : Ko — Ko, (46)

which transforms neighborhoods of the diagonal and of the antidiagonal
it they selfs. Define the involution (46) by the formula Tk, (Z1,Z2,\) =
(iZ1,1i%g, N).

Real (double) stratification of the polyhedron J

Let us consider the polyhedron J (the standard sphere) and the stratification
of this polyhedron, which is defined by the formula (37). For each elemen-
tary stratum of this stratification let us define an additional stratification.
This (double) stratification is called the real stratification. Let us re-denote
J=(ky, .. kg) by JO7O(ky, ... k,) and consider on JT=59(k;, .. k) the
"“angle-momentum"’ coordinate system. Let us define the following stratifi-
cation

J(T_S7S) (k17 e ks) C J’(T—S,S_]-)(k,l’ e ks) [GIEEENE J(T_S,O) (kl’ cee kS)’ (47)

which consists of a family of embedding polyhedra of codimension 1. Denote
by JU=%)(ky,... k) the subpolyhedron in J"=*9(k,, ... k,) of all points,
such that not less then ¢ points are equal to +1. Denote the polyhedron
JO=D (ky k) \ JO D (ky o k) by JES(Ky k). Tt is not dif-
ficult to check that the polyhedron J[”_S’i](kl,...ks) is the disjoin union
of connected strata of the stratification (47), for each connected strata of
JUr=si(ky, ... k,) the collection of i (singular) angular coordinates is fixed,
each coordinate from this collection is equal to +1 or to —1, the last (reg-
ular) coordinates could be arbitrary in S\ {+1,—1}. Angular singular
coordinates are called auxiliary, regular angular coordinates are called prin-
cipal. In particular, for points in JU=*"=%l(k;,.. k) all angular coordinates
are auxiliary.

Real (double) stratification of the polyhedron K,

Recall that an elementary stratum
K=ol (ky, .o k) (48)

is defined as the inverse image of the elementary stratum Jr=I(k;, ... k)
by the natural projection of a singularity on its image. Let us define the
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following stratification
Kr=sid(ky, .. k) c Kl c K, (49)

of an arbitrary elementary stratum of the type I, as the stratification, which
is induced from the stratification (47) by this natural projection.

For an arbitrary connected stratum of the polyhedron K== (k, .. k,)
a collection of ¢ pairs of (singular) angular coordinates are fixed. Each coor-
dinate in a pair of the collection takes one of the following two pairs of values
{+1, =1}, {+i, —i}; this singular coordinates are called auxiliary. Hence, the
auxiliary coordinates are divided into real and imaginary. The last (regular)
coordinates are called principal.

An pair of principle coordinates takes the value from one of the two
intervals (0, %) U (7, %), or from one of the two intervals (3, 7) U (3£, 2r).

The involution (46) changes each imaginary (real) coordinate into real
(imaginary), this involution acts free on the set of elementary strata of the
stratification (49). Strata are divided into pairs, the involution (46) changes

the two strata in a pairs.

Prescribed coordinate system of a real stratification (49) of the
polyhedron Kji,,

Let us recall that the space Ky, is decomposed into the union of closures
CIUKI=*U(ky,... k), 0 < s <rof strata of the real stratification (49) (the
closures are considered into the space K, ). Recall that residues of coordinates
take values into {41, —1}.

On each elementary stratum of the stratification (49) let us define a pre-
scribed coordinate system. This prescribed coordinate system is defined in
a marked point = = ([z1, x2]) by the ordered pair of the spherical preimages
(Z1,Z2) up to the transformation (Z,2s) — (—&1,—Z2). In particular, the
equivalent class of a prescribed coordinate system is well defined with respect
to transformations (%1, @s) +— (Z2, —&1), this transformation is given by the
action of the generator of the subgroup I, C D on the coordinates of the
point x € Kp,.. The involution (46) transforms the prescribed coordinate
system on an elementary stratum into a coordinate system on the image of
this elementary stratum. The prescribed coordinates has to be invariant with
respect to this transformation.

The prescribed coordinate system on the stratum of the stratifica-
tion (48) of the polyhedron Ky, U Xantidiag

Let us recall that the space Ki,o U Xantidiag is decomposed into the union of
closures C1(KU=*(ky,... ,k,)), 0 < s < r of strata of the stratification (48)
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(the closures are considered into the space K,; antidiagonal strata are also
possible). Recall that residues of coordinates take values into {+i, —i}.

On each elementary stratum let us define a prescribed coordinate system
such that the number of residues, which is equal to —1i, is not less then half
number of residues. In the case when the half of residues are equal to +i and
the last half of residues are equal to —i, the prescribed coordinate system
is fixed such that the value of the residue of the coordinate of the smallest
number is equal to 4+i. This rule is considered for antidiagonal strata.

The involution (46) transforms the prescribed coordinate system on an
elementary stratum into a coordinate system on the image of this elemen-
tary stratum (recall that on the anti diagonal stratum this transformation is
fixed). The prescribed coordinates has to be invariant with respect to this
transformation. A prescribed coordinate system is uniquely defined up to
the transformation (&, %) + (&2, —21). The prescribed coordinate system
on a stratum of (49) is defined by the restriction of the prescribed coordinate
system of (48).

The prescribed coordinate system on the stratum of the stratifica-
tion (48) of the polyhedron Ki,

Let us recall that the space Ky, is decomposed into the union of closures
CUKI=N(ky,... k), 0 < s < r of strata of the stratification (48) (the
closures are considered into the space K,). Recall that residues of coordinates
take values into {+i, —i, +1, —1}.

On each elementary stratum let us define a prescribed coordinate system
such that the number of residues, which is equal to —1i, is not less then half
number of residues, which take the values in {+i, —i}. In the case when the
half of the considered residues are equal to +i and the last half of residues
are equal to —i, the prescribed coordinate system is fixed such that the value
of the residue of the coordinate of the smallest number is equal to +i. A
prescribed coordinate system is uniquely defined up to the transformation
(%1, Z2) +> (&2, —Z1). The prescribed coordinate system on a stratum of (49)
is defined by the restriction of the prescribed coordinate system of (48).

Allowable pairs of strata

For an arbitrary elementary stratum 3 C KU=*U(k,,... k) of the polyhe-
dron K, let us consider all smallest elementary strata, which belong to the
boundary of the closure CI(K=54(ky, ... k).
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Let us consider an elementary stratum o C Clla) C
CUKU=(ky,... k), a # B. Write a < S for short. Let us re-
strict the prescribed coordinate system of 3 to the stratum «. Assuming
the restricted coordinate system of 5 on « is equivalent to the prescribed
coordinate system on « itself, we shall call that the pair o < [ is allowable.
Oppositely, if the restricted coordinate system of 5 on « is equivalent to the
prescribed coordinate system on « itself, we shall call that the pair o < ( is
not allowable.

Let us consider more details. The pair a <  is allowable, if the following
condition is satisfied. Let a = (a1,as) € a, b = (b1, b2) € 55 (a1, a2), (51,52)
are the prescribed coordinate systems at the corresponding points. This two
systems are related by means of a one of the following transformations:

(by, by) > £(by, b)) = (a1, as), (50)
(by, bo) = %(b, by) = (ay, as), (51)
(b1, b2) = £(=b1, by) = (an, o), (52)
(b1, b) = % (by, —b1) = (ay, as). (53)

Let us assume that 3 is a stratum of the type I,. Then « is a stratum of the
same type. Assume that the both strata are inside a common elementary
stratum of the stratification (48). In this case transformations (50), (51) are
possible. Transformations of the type (50) preserve the prescribed coordinate
systems, in this case the considered pair of the strata is allowable. Trans-
formation of the type (51) change the prescribed coordinate systems, in this
case the considered pair of the strata is not allowable.

Let us assume that ( is a stratum of the type I,. Then « is a stratum of
the same type. The considered pair of strata is a pair of neighbor strata of
the stratification (48). Transformations of all types are possible. Transfor-
mations of the types (50), (53) preserve the prescribed coordinate systems,
in this case the pair of the considered strata is allowable. Transformations
of the type (51), (52) change the prescribed coordinate systems, in this case
the pair of the considered strata is not allowable.

Let us assume that [ is a stratum of the type I;. Then « is a stratum
of any possible type. Assume that « is the stratum of the type I,. Then
the considered pair of strata is a pair of neighbor strata of the stratifica-
tion (48). Then the pair v < ( is allowable and the transformation of the
type (50) is only possible. Assume that « is the stratum of the type I, or
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I;,. Then transformations of an arbitrary type are possible. In the case «
is of the type 14, the considered pair of strata is a pair of neighbor strata
of the stratification (48). Transformations of the types (50), (53) preserve
the prescribed coordinate systems, in this case the pair of the considered
strata is allowable. Transformations of the type (51), (52) change the pre-
scribed coordinate systems, in this case the pair of the considered strata is
not allowable.

The space Y,

For an arbitrary pair a < 3, let us define an open conical e-neighborhood
of the stratum B8 C KF~*d(ky,... k) C 3., which we will denote by
C(a, B;e) C a.

The cone of the (smallest) strata « inside [ is defined as an open domain,
which is the open cone (of a small height €) over the interiors of the closure
of the union of all smallest open cones, which belong to Cl1(5). Let us denote
by Con’(«, B;¢) the cone of the stratum « in the stratum CI(/5).

In the case a < 3 of the codimension 2 by means of the stratification (48),
or in the case of the codimension 1 by means of the stratification (49), we
shall call the cone Con’(a, §;¢) is elementary. An elementary cone of (48) is
defined by means of the cone inside the standard simplex of the momentum
coordinates. An elementary cone of (49) is defined by means of the cone inside
the standard R", determined locally angle coordinates. In a general case a
non-elementary cone is defined by the corresponding sequence of elementary
cones.

For an arbitrary elementary cone Con/(«, 3;¢) let us define the cor-
responding elementary c-cone. Let us denote this elementary c-cone by
Con(a, B;¢). The coordinates on Con(a, §;¢) are divided into degenerate
and non-degenerate. The non-degenerated coordinates coincide with non-
degenerate coordinates of the cone Con’(«, B;¢). The degenerate coordi-
nates are all the last angle-momentum coordinates, such that an arbitrary
degenerate coordinate is e-small. This means that a degenerate angle co-
ordinate takes a value in the interval (0,¢), (or in the interval (—e,0)) up
to an additive constant £7, or +7. A degenerate momentum coordinate
takes a value in the standard e—neighborhood of the corresponding face (this
face is associated with the momentum coordinates on ) of the standard
r-simplex of the all momentum coordinates. By the construction we get
Con'(a, B;¢) C Con(a, B;¢).

For an arbitrary pair of strata o < [y let us define the conical -
neighborhood

C(a, Bose) = Cl(Uj,20Con(a, Bj; €)), (54)
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as the union of closures of all elementary strata a < 3; < By, B; # Bo-
Evidently, if @ < 1 < By, then C(«, 5o;e) C C(a, fr;€), because in the
stratum [; one has additional restrictions for degenerate coordinates of the
stratum (1, which are non-degenerate on the stratum f,.

Let us define the polyhedron Y,(¢) as the result of a removal from %, of
conical e-neighborhoods of all non-allowable pairs of strata. By construction
Y5 () is obtain from 3, by the removal of an open polyhedron. Therefore the
polyhedron Y;(¢) is closed into 3.

The value € in the presented construction is not important, because the
homotopy type of the space Y;(¢) is not dependent on ¢, if € is small enough.
Let us modify the construction, such that the modified construction is inde-
pendent on €.

Let us consider the polyhedron ¥, C I'; and let us define by X(g,¢1), a
small regular e;—neighborhood of the subpolyhedron Y, () C ¥, C ..

Evidently, the inclusion

Ys(e) € Xo(e,e1). (55)

is well defined and for 0 < £; << & << 1 this inclusion is a homotopy
equivalence.
Let us define the following space

Yo= lim X.(e &), (56)

e—0,e1—0

where the direct limit is taken for 0 < & << ¢;.

Definition of the subspace RY in Lemma 3

Define the space RY as a subspace in X, which is defined as the result of the
union of the space Y, (see the formula (56)) with the subspace Qgiay C 2.

The boundary subspace R(Q)4., of the resolution space RY and the
subspaces RN C R, RN C RY

Let us define the boundary subspace RQga, C R, which is used in the
diagram (32). Let us define RQuiag = (Quiag N RX) C RY. Let us define
RY, = RY \ Qgiag- Let us define the subspaces in the formula (28) by the
following formula: RN = RY, RL = U(RQuiag)-

23



Resolution mapping ¢, : RY, — K(I,,1), proof of Lemma 3

Let us restrict the structural mapping 7,, which is given by the formula
(23), on the subspaces Y, N RY, Y1, N RY, Y1, N RY, Yantidiag N RE. All
this restrictions are homotopic to a mapping into the subspace K (I,,1) C
K(D,1). The mapping x : U(RQgiag) = K(14,1) C K(I,,1) is well defined
The required mapping ¢ : RY, — K(I,,1) is defined as the result of the
gluing of the considered mappings on the subspaces. Evidently, the boundary
conditions, given by the diagram (32) is satisfied. Lemma 3 is proved.

The last step of the proof of Lemma 4; the deformation i; o} — d

Let us consider the sphere J C R” inside the hyperspace of the codimension
4: J c R** C R™ Let us consider the cylinder J x I C R** x I C R" x .

Let us denote the standard projection R® — R"~* by proj. Let us decom-
posed the space R” as the Cartesian product: C2 x R"~* = R", in particular,
the fiber of the projection proj is equipped with the complex structure.

The standard projection of the regular neighborhood U(J) of the sphere
J C R"™ on the central sphere i; : J C R" was denoted above by proj;. Let us
decomposed the projection proj; : U(J) — J into the following composition:
projy = proji o projlu(s), where the projection proj (on the codimension 4)
was defined above, the projection proj, : R*™* N U(J) — J is the standard
projection (of the codimension n — k — 4).

Recall that the deformation i; o ¢ — ¢ was constructed as a proj,—
vertical generic projection inside the subspace R"~* C R™. In the denotations
introduced above this deformation is a proj;—vertical generic deformation.

Lemma 6. Assuming the dimensional restriction (2), there ezists an arbi-
trary C°—small deformation T : ¢ — d (the mapping d is the required mapping
in Lemma 2,A), such that the following condition (C) is satisfied:

(C) for a suitable values 0 < 1 << & << 1 the polyhedron N, of self-
intersection points of the mapping d is contained inside a small reqular neigh-
borhood X, (g,e1) of the polyhedronY,, which was defined by the formula (8).

Proof of Lemma 6'

The stratification (48) of the polyhedron ¥, which is agree with (37) by
the projection proj; is well defined. Additionally, the stratification of the
subpolyhedron Ky, C ¥, is well defined. Denote by T(ELS]) the tangent

Lthis proof was discussed at the topological seminar of Prof. S.A.Bogaty
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space to the corresponding stratum of the deep s of the stratification (38),
inside which the considered stratum % is projected by proj;.

In each point y € S define an orthogonal to T(SL!) complex vector
space R(y)l of real dimension 2(s + 2). The space R(y)! define as the
direct sum R;(y) ® R[;] (y), where R;(y) is the vector space of real dimension
4, parallel to the subspace 2 in the fiber of the projection proj, R[;] (y) is the
complex vector space of real dimension 2s which is parallel to the tangent
space T'(J) of the sphere (this tangent space is embedded into the image
of the projection proj) and orthogonal to T(E([;S]). For an arbitrary point
y € S the complex vector spaces R1(y), R[QS] (y) are uniquely defined.

The standard base of the complex vector space R[;] (y), associated with
the spaces, which are orthogonal to the strata (37) of J (the number of a
basis vector corresponds to the deep of the stratum). At a point y € S et
us define a complex linear subspace F(y)!¥ C R(y)5!. The family of complex
linear subspaces F (y)[s], which are indexed by points y have to satisfied the
following condition.

The space E(y)! in defined by the common linear combination of the vectors
of the standard basis of the space R(y)"), i.e. independently of a choice of
the point y at the given stratum « of the deep s of the stratification (48).
( The construction of the family {E(y)F} is given by an induction over the
deep s. Therefore instead of E(y)*! we shall write E/(a) of E(a).

Let us define the space E(a)l, assuming, that the family of the spaces
on strata of the less deep is defined. Let y be a point on the stratum « of
the deep s, and assume that this point is outside of deepest strata of the
stratification (48). For the point y let us consider a sequence of s points

which satisfy the following relation:
@< Pso1 << P <G < < Po.

In this formula the stratum « is replaced by [, if the case ¢ = s is also
possible.

Let us define a parameter ind, which depends of a sequence (57) and
for the given sequence takes s different values, which is parametrized by a

25



positive integer parameter j, 0 < 5 < s. The space E(a)[s} is transversal to
each space of the following collection of complex subspaces {F(«;ind) of the
space R, the real dimension of the corresponding space satisfy the equation
dim(F (a;ind)) = 2(s+1) (in particular, F(a;ind) C R is a complex vector
subspace of the codimension 1):

Flayind) = @, BB @ T(a, Bj_1), j=5,...,1. (58)

In this formula the complex vector space T'(c, §j_1) of the real dimension
2(s — j + 1) is uniquely defined for 0 < j < s as a complex vector subspace
at the point y is in the orthogonal complement to « inside the tangent space
of 3;_1. For j = 1 the complex line F(53,) is a subspace inside R;(8), this
line space will be denoted below by El%, because this is the common space
for strata of the deep 0.

The proof of the existence of the collection of the linear vector spaces
satisfied the prescribed conditions can be proved by the dimension arguments.
This proof is omitted.

Evidently, strata of the double stratification (49) is partial ordered with
respect to the relation <. Therefore we may say about the deep of a stratum
of the stratifications (49) and (48) of the polyhedron of self-intersection. The
maximal deep of strata of the stratification (49) is 2r. The maximal deep of
strata of the stratification (48) is r.

Let us re-denote [’ by fo. Let us define a sequence of infinitesimal

numbers do, ..., 0 (r is the maximal deep of a strata in 7'(J)), such that
dix1 = 0(8;). Define a sequence of C°-infinitesimal PL-deformations:
f0|—>f1'—)...'—>f2r (59)

with a support into the regular neighborhood of the diagonal U(Quiay), the
C%—caliber of the deformation f;_; — f; is equal to (infinitesimal small) num-
ber 9;. This sequence of infinitesimal small deformations one could considered
like a sequence of PL-deformations, each next deformation is so C%-small,
then the properties of the mapping from the previous step of the construction
are preserved.

The deformation on the step 7, 0 < ¢ < 2r is defined with a support on
strata of (49) of the deep 7 and is fixed on strata of the deep i + 1. Let «
be an arbitrary stratum of the deep i and let o < 5;_1 < ...[1 < [ is an
arbitrary sequence of strata. The following sequence of inclusions

Cla, Biz156:) D -+ D Clav, Bo; i)

is well defined. The deformation inside the union of elementary cones
Cla, Bi1;05) N (Con' (@, Bi—1;0i) Uj=i1,..1 Con'(B;, B;-1; ;) (near ) is along
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the vector space E(a) ® E(fi—1) ® ... E(f1) ® E(fy). Deformations on pairs
of elementary strata 3, 5, 8" < 3, 8" < ' are agree on 3".

Finlay, the resulting mapping f, has only self-intersection points (outside
a neighborhood of the diagonal), which are inside a regular neighborhood
of the polyhedron RY, C X,(e,&1), determined by the formula (8). The
parameters €, €1 satisfy the following relation g1 << & << d9, (see the
condition (C) in the statement of the lemma).

At the first step the deformation fy +— f; is a deformation with the
support on ZLO}, this deformation is fixed on N¢V.

This deformation is vertical with respect to the linear complex space E
over each point at elementary strata a C K[O’O}(kl, ... k) of the space »l
(below we introduce the only index for strata of (49) as the sum of the
indexes).

Let us consider the line bundle [, : D(l,) — « (with the standard seg-
ment as the fiber), associated with the canonical 2-sheeted covering over
the considered elementary stratum. In Lemma 5 a fiberwise monomorphism
Vo : D(ln) C a X EY (below we say Z/2-section for short) into the trivial
line complex S'-bundle over o. The bundle [, for strata of all types are
classified by the corresponding mapping, which is defined in this lemma).
The monomorphism 1, determines a C'-small deformation fy — fi (a re-
projection of self-intersection points along the fiber ¢ over the family of
elementary strata of the deep 0).

Let us extend by linearity the considered deformation into C'—
infinitesimal deformation over the space RP" % which is fixed on self-
intersection points on »,

The a C'-infinitesimal deformation f; — f> on 2" is defined as the
previous step along the prescribed linear (complex) fiber over each stratum of
the deep 1. Define a C°-infinitesimal crosslinking of mappings f; with f; and
let construct the deformation f; — fo (the mapping fo and the deformation
fi1 — fo are defined only on 2(0”). Let us consider a stratum « of the deep
1 and a stratum [ of the deep 0, such that o < 3. This pair of strata could
be admissible and non-admissible, correspondingly to the formula (50)-(53)
and to various type of neighbor of strata in (49). .

Let us define the deformation f; — f; near each conical neighborhood
C(a, B;01) of the greater stratum [ of the deep 0 in the case of non-admissible
pair a < . For a maximal stratum of the deep 0 the conical neighborhood
C(a, B;01) coincides with the cone Con(a, 3;01). For an admissible pair
a < [ the deformation inside the prescribed linear space could be arbitrary.
The mapping f, outside the union of all cones of admissible pairs, generally
speaking, could have self-intersection points inside X (e, &1).
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Assume that the pair of strata a < (3 is non-admissible and this strata are
inside the common elementary stratum of (48). Let us consider the trivial
complex bundle with the fiber EI’ over the cone Con(a, 3;0,) and let us
define a new trivialization of this bundle. Describe first the new trivialization
over the boundary of the cone. On the component of the boundary of the
cone inside «, which is contractible, the new trivialization is related with
the standard trivialization by the central symmetry. On the component
of the boundary of the cone inside 3, which is also contractible, the new
trivialization is the standard trivialization. Let us fix a trivialization of the
bundle over the elementary cone Con,(«, [3; 1) with the prescribed boundary
conditions.

Assume that the pair of strata @ < ( is non-admissible and this strata
are a neighbor strata of (48). Let us consider the trivial complex bundle over
Con(a, (), with the fiber EX @ EP. Let us consider Z/2—-sections, which are
associated with the canonical covering over the corresponding components
of the boundary of U(a, ), is the strata EE}, E constructed in Lemma
5). The boundary conditions are extended to a Z/2-section of the bundle
EY @ B0 over C'(a, B)o by linearity. A crosslinking of the mapping fo with
the mapping f; by means of a deformation f; — f5 for an arbitrary non-
admissible pair of strata o and  is well defined by means of the Z/2—cross
sections over the collection of elementary cones C'(«, 3),. The mapping f; in
a neighborhood C’(a, ), is deformed along the vector space EI% @ El(qa),
or along the line space El” as described above.

Assume that the pair of strata «, 5 are admissible. Define the deformation
fi — f{ in a neighborhood of each elementary cone along the prescribed
vector spaces arbitrary. The intersection points outside strata of the deeps
not less then 2 belong to X(g,e1). The mapping f on the strata of the deep
0 and 1 is constructed.

Let us describe a C%—infinitesimal deformation of the mapping f, into a
mapping f3. Supports of all mappings and deformations are in neighborhoods
of pairs of strata of the deeps 0 and 2, and of the deep 1 and 2. By this
deformation in each conical neighborhood («, f;d,) for a nonadmissible pair
of strata there are no self-intersection points.

The main observation using in this construction is following. Let us as-
sume that a stratum « is in the closure of boundaries of strata £ and 5’ (deeps
of the strata § and 8’ could be arbitrary), then («, 3;02) N (v, 3';02) = 0
and, therefore, if @« < ;7 < (8, a < pf; < f/, then a < [ is admissi-
ble (and self-intersection points of § near « could exist), or the both pairs
f1 < B, p1 < [’ are admissible (and self-intersection points of § near [;
and self-intersection points of 5 near f could exist. In the opposite case, if
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(o, B;02) N (v, 875 62) # O, then up to the re-indexation of strata the following
inclusion 8’ < [ is well defined, in this case the considered pair of strata
is admissible and, therefore, self-intersection points on («a, 8;92) N («, 5’5 02)
could exist.

The following 2 cases of non-admissible pair of strata £y of the deep 0
(case 1), or 1 (case 2) and « of the deep 2 are possible. In the case 1 the
following 3 subcases are possible: a neighboring of a stratum of the deep 0
in the stratification (49) (the subcase (1,1)); a neighboring of a stratum of
the deep 2 in the stratifications (49) and the stratification (48) (the subcase
(1,2)); a neighboring of a stratum of the deep 2 in the stratification (48) (the
subcase (1,3)). In the case 2 the following 4 subcases are possible: a neigh-
boring of a stratum of the stratification (49) of the deep 1 with a stratum of
the stratification (49) of the deep 2 (the subcase (2,1)); a neighboring of a
stratum of the stratification (49) of the deep 1 with a stratum of the strati-
fication (49) of the deep 2 (the subcase (2,2)); a neighboring of a stratum of
the stratification (48) of the deep 1 with a stratum of the stratifications (48)
and (49) of the deep 2 (the subcase (2, 3)); a neighboring of a stratum of the
stratification (48) of the deep 1 with a stratum of the stratifications (48) of
the deep 2 (the subcase (2,4)). Proofs in all cases are analogous.

Let us consider the case of non-admissible pair of strata « of the deep
2 and [y of the deep 0. Let (; be an arbitrary stratum of the deep 1,
a < fB1 < Po. Let o and f; are admissible (in this case f3 could have
self-intersection points on beta; near «). Then the pair 5 and [ is non-
admissible. Let us consider the standard auxiliary deformation fo — f} in
the neighborhood C(«, y;02) \ C(51, Bo; €) along the fiber E(f3).

Let us assume that the pair (a, ;) is non-admissible. Then the pair
(B1, Bo) is admissible. Let us consider an axillary deformation f, — f5 in the
neighborhood C(a, fy;d2) \ U(B1;¢€), where U(fy;¢) is a e—neighborhood of
the stratum [ inside >,. The considered auxiliary deformation is well-defined
along the fiber F(f3), by this deformation in the considered neighborhood the
mapping f5 is defined by the standard formula along E(fp). In the both cases
the deformation f} — f3 is defined in the considered neighborhood as at the
first step of the construction.

Let us consider the case of non-admissible pair of strata « of the deep 2
and (; of the deep 1. Let [y be an arbitrary stratum of the deep 0, such
that the pair 51 < fy is non-admissible (and, therefore, the pair o < [y is
admissible. Let us consider the subcase (2,4). The deformation fo — f3
inside the subspace F(«a) @ E(5) ® E(B) in the neighborhood C(«, £1;d2) N
C(p1, B; 62) is defined by linearity.

Let y € « is a point on a stratum « of the deep 2. Let us consider the
sphere S(y,e) with the center at y of the radius e, this sphere has no points
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of deepest strata inside. Let us consider the intersection S(y,e)NIm(fi). By
the construction, the space S(y,e) N Im(f1) is inside the subspace (T'(a) ®
T(a,B) @ E%) N S(y,e), where

T'(«) is the tangent space to the stratum o,

T(a, ) is the orthogonal complement of the stratum « of the deep 2 in
the stratum £ of the deep 0, a < £,

E is the prescribed linear space, along this space the deformation f; —
f1 on the stratum (3 was constructed at the previous step.

The spaces E(a) N S(y,e) and S(y,e) N Im(f;) have no intersections.

The constant d5 has to be small enough, such that the following property
is satisfied. Let us consider the intersection A = S(y,e)NIm(f2(C(a, 5;02)N
C(B1, 5;02))). The space A is inside a sufficiently small neighborhood (note
the metric on the sphere is the standard metric of the unite sphere) the
diameter of the considered neighborhood is determined by the constant 9,
and by the thickness of conical neighborhoods of the stratum of the deep 1
inside the stratum of the deep 0) of the vector space:

T(a) @ E(a, f1) @ EW(3) @ EV (60)

— T'(«) is the tangent space to a stratum of the stratification of J, that
contains the stratum « of the deep 2, z € «;

—T'(av, By) is the orthogonal complement of « in f;

—FEM(pB)) is the linear space of the prescribed collection of spaces, along
this space the deformation f; — f5 on the stratum [y, 51 < «, of the deep 1
was constructed on the previous step;

—F is a linear space of the prescribed collection, along this space a de-
formation on a stratum of the deep 0 near o was constructed on the previous
step.

The deformation f; — f3 on the stratum « is defined along the complex
linear space E?(a), which is transversal to the vector space (60). Therefore
this direction of the deformation on « is transversal to the image I'm(fs) of
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the polyhedron. The deformation f5 — f3 itself is defined by linearity along
the momentum coordinates on strata of less deeps near «, as at the previous
step of the construction. The subcase (2, 3) is considered.

In the last cases the deformation f; +— f3 is defined analogously to the
deformation f; — f5 of the previous step. In the subcases (2,2) and (2, 3)
the formula of the resulting mapping is obvious.

By the construction, the mapping f3 has no self-intersection points in a
neighborhood of an arbitrary non-admissible pair of strata of the deeps 0 and
1, of the deeps 1 and 2, and of the deeps 0 and 2. Self-intersection points
near the considered pairs of strata exist on strata of the deep not less then
3. Evidently, that the mapping f3 satisfies the condition (C) outside strata
of the deeps not less then 3. The deformation f; — f3 is well-defined.

Let us assume that the mapping f;_; is well-defined and the deformation
fi—1 — f; was defined inside d,—meighborhood of strata of the deep i — 1
outside the d;,1neighborhood of strata of the deep .

An auxiliary C'-infinitesimal deformation f;_; ~— f; is defined on Eg],
fixed on XY, This deformation is along the linear complex space E(z)®
over elementary strata of the space 22U Then this deformation is extended
to(il)C’Ofinﬁnitesimal deformation over the space RP"~*, which is fixed on
Yo

Assume that « is a stratum of the deep i and a pair of strata a < [
is non-admissible. Let us consider all strata fs,..., which is contained in
the closure of the boundary of the stratum [;, such that the pair with 3; is
non-admissible, and, therefore, the corresponding pair with « is admissible.
Let us consider all strata (,..., which is contained in the closure of the
boundary of the stratum [3;, such that the pair with 5; is admissible, and,
therefore, the corresponding pair with « is non-admissible. The mapping f;
has no self-intersection points near « in all neighborhoods of non-admissible
pairs, on exterior components of the boundaries the mapping f; coincides

with fifl.
An axillary deformation is constructed. Generally speaking, self-
intersection points on strata (3o, ... near the stratum «, such that the corre-

sponding pair with (3, is admissible, are possible.

Then all the formulas of the deformations of pairs of strata have to be
trivialized. At the last step the required mapping f;, using the formula as in
the subcase (2,4) is constructed. The required properties of the mapping f;
follows from the construction. Lemma 6 is proved.
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Proof of Lemma 24

The mapping into the right space of the diagram (8) defines the required
mapping rez in Lemma 4, which satisfies the boundary conditions and de-
termines the reduction of the structural mapping. Lemmas 4 and 2A are
proved.

5 Proof of Lemma 2B

Let us prove Lemma 3, assuming the dimensional restrictions (3). Let us
construct the classifying space, which will be denoted again by RY..

Let us consider the mapping ¢| which is defined, assuming dimensional
restrictions (3), the same way that in the case of the dimensional restric-
tions (2), considered above. The mapping ¢} could have only self-intersection
points of multiplicities 2,3, or 4 (because ¢} is generic, this map have no self-
intersection points of the multiplicity 5 and greater).

Let us denote by

LCN (61)

the polyhedron of self-intersection points [(z,y)], for which at least one of
the two points z € N, or y € N is a critical point of ¢;. Obviously, we have
ON C L, let us denote (ONNL) C L by 0L, and L\ OL by L.. Let us
denote by L C N the canonical 2-sheeted cover (with ramifications) over the
polyhedron L C N. Denote by U(L) C N a small regular neighborhood of
the polyhedron L C N. In particular, because ON C L, we get the inclusion
ON C U(L).

Denote by M C L the polyhedron in L of self-intersection points of the
multiplicity 4. Denote by W, C Wy C RP"* x RP"* small equivariant
neighborhoods of polyhedra L C N C RP"* x RP" ¥ correspondingly.

Let us prove the following lemma, this lemma in a straightforward analog
of Lemma 4.

Lemma 7. 1. There exist a Z/2-equivariant mapping d® : RP"FxRP"* —
R™ x R™, which has a holonomic self-intersection in the sense of Definition
1 and which coincides with the extension of the mapping iy o ¢| : RP"™ % —
R™* C R" in a small reqular neighborhood of the diagonall.

2. Moreover, there exists a resolution map rez : (N \ M) — RK to the
corresponding spaces of the second row of the diagrams (35). The map pn =
porez: N\ M — K(1,,1) is extended to the mapping p, : N — K(I,,1)
and satisfies the boundary conditions over the component ONgiqq.

32



3. The mapping s, : N — K(1,,1) satisfies the equations (10) and
induces a cyclic structure of the mapping d®.

We shall prove Lemma 3, assuming dimensional restrictions (3).

Configuration space of boundary singularities of the mapping ¢

Let us consider an ordered pair of points (x,y) € (RP"%)2 2 # 5, assuming
the condition p(z) = p(y) € J, where the mapping p is given by the formula
(14). Let us assume that the point = is a singular point of the mapping p.
This implies that there exist an (unordered) pair of point [(z1, z5)], each the
point is infinitesimal-closed to the point z, such that the following conditions
are satisfied:

T # T, P(xl) = p(132)- (62)

Assume that the pair of points [(x, x2)] satisfies the condition (62) and such
there exists a point y;, infinitesimal-closed to the point x, such that the
following condition is satisfied:

p(y) = p(x1) = p(a2). (63)

Let us define a space Zj, as the space of all ordered triples of points
((x1,2),y), where the both points of the pair (x1, x5) are infinitesimal-closed
to a point 2’ and satisfies the condition (62), the point y is infinitesimal
closed to ¢/, p(z’) = p(y'), moreover, the triple ((z1,z3),y) has to satisfies
the condition (63).

The following mapping

Fyo : Zh, — S, (64)

which transforms a triple of points ((z1,x2),y) € Zi, into a non-ordered pair
of points [(z1,y)] is well defined.

Let us define a space Z,, as the space of all non-ordered pairs of ordered
pairs of points [((z1,22), (y1,¥2))], where the points of the non-ordered pair
([x1,x2]) are infinitesimal closed to a point z’, a non-ordered pair [(y1,y2)]
is infinitesimal closed to a point y. Moreover, we claim that the triples
(x1,m2),11) (y1,Y2), 1) satisfy the conditions (62), (63) i.e. this triples are
defined the corresponding points of Z5,. Additionally, let us assume that the
following condition is satisfied:

p(y1) = p(x1), (65)
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this condition with the pair of equations (63) implies the equation

p(z1 = p(2) = p(y1) = p(y2)-
Let us define the canonical 2-sheeted covering
Pz - Z4o — Z4o, (66)

the fiber of this covering over a non-ordered pair of points [((x1, z2), (y1, y2))]
is defined as ordered pairs of the same points.
The following 2-valued mapping

F4o : Z4O — Zéov (67)

which transforms a non-ordered pair [((x1,22), (y1,42))] € Zs0 into two or-
dered triples of points ((x1,22),%1), ((y1,¥2),21). The following mapping

Gio = F3o 0 Fyo, (68)

which transforms a non-ordered pair of ordered pairs of points
[((z1,22), (y1,Y2))] € Z4o into the non-ordered pair of points [(z1,y;)] is well
defined.

Let us define the space Z3, as the space, which is obtain by the completion
of the space Z/ by pairs of points, for which 1 = x9,y, 21 # y. Let us define
a completion Z3 of the space Z3, by points, for which 1 = x5 = y. The
mapping Fj3, is naturally extended to the mapping F5: Z3 — X.

Space RY in Lemma 3

Let us define the space Z,, which is obtained from Z3, by gluing of the space
Z4o by means of the 2-valued mapping Fjy,. The space Z, is a cylinder of
(a multivalued) mapping Fj,. The following mapping F, : Z, — %, is well
defined as the composition of (a multivalued) projection Z, — Z3, with the
mapping Z3, — .. The following diagram is well defined:

Y, cx, & 7,

where the space Y, C X, is defined by the formula (56). Let us define the
space R, as the result of gluing of the space Y, with the space Z, along
the subspace F,'(Y,) by the mapping FO‘FO—I(YO). The space RY is defined
analogously, by replace the space ¥, to the space X and the space Z3, to the
space Z3 in the construction. The space RY is obtained from the space R,
using the completion by Qgiqg-
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Resolution mapping ¢, : R¥, — K(I,,1)

The mapping ¢.|y, on the subspace Y, C R, was constructed in the proof
of the statement A of the lemma. Let us construct the mapping

bz, Lo — KT, 1). (69)

Then let us prove that the mapping ir, p © ¢z, : Zo, - K(I,,1) C K(D,1)
coincides with the composition 7, o F, : Z, — K(D,1), where 7, is the
structural mapping, which is given by the formula (23).

Let us define the mapping

Gz Zyy — RP"F C K(Iy, 1) (70)

by the formula ¢z ((71,72),y) = y. The mapping (70) is expendable to the
following mapping

Gz, D30 — RP"F € K(Iy,1). (71)

Lemma 8. By the assumption r =0 (mod 2) the mapping no o Fso : Z5, —
Yo — K(D,1) allows a reduction to the mapping in the subspace K(14,1) C
K (D, 1), which is homotopic to the mapping (71).

Proof of Lemma 8

Let m : S' C Z3, be a path, which is projected into the path [ : S' C
U(Qudiag)o C Ko by means of the mapping Fs,. Let us assume that the path
[ transversely intersects the subspace KM of singular strata of the deep 1,
and does not intersect strata of the deep 2 of the stratification (48). Let us
denote intersection points by {t1,...,¢;}.

On each elementary stratum of the deep 0 of the polyhedron U(Qiag)o,
which contains the point pt = [(0), 0 € S' is the market point, let us fixes a
coordinate system (Z1(0), Z2(0)).

Let us extend in a natural way a coordinate system (21(0),25(0)) from
the point pt along the path m (about the natural continuation coordinate
system in neighborhoods of points {¢1,...,t;} see the construction of the
structural maps 7).

The transformation of the initial system of coordinates
(21(0),22(0),23(0)) in the system of coordinates (&,(27),Z2(27), Z3(27)) is
well defined. This transformation is represented by the direct product of
two natural transformations ;2 € Iy, 193 € I of the first two and the third
coordinate respectively.
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The homomorphism ¢, z,, (m), which is associated with (71) is defined by
the formula ¢, z,, (m) = n3(m). The homomorphism (7, o F5,).(m) is defined
by the formula (7, o Fy,).(m) = ir,p o m2(l). Let us prove the following
equation:

n3(m) = a(l). (72)

Let us assume that the path [ is inside the only elementary stratum of
the deep 0. In this case the equation (72) is evident.

Let us consider a general case. Let us define a path I’, which is homotopic
to the path [ in U(Quiag)o, and satisfies the following conditions. For an
arbitrary point a € I’ let us define the principle and the auxiliary coordinate,
such that the principle coordinate have the residue +1 and this coordinate
corresponds to the regular momentum coordinate. Each auxiliary coordinate
has a residue —1, this coordinate corresponds to the singular momentum
coordinates of an infinitesimal closed point a’ € Qgiag-

Let the path [ does not intersect strata of the deep 2, let {x1,..., 25} be
the finite set of the critical values of the path [, in which point the path crosses
the stratum of the depth 1. Each critical value x; of the path [ determines
a pair of closed critical values y;, z; of the path [’. It is required that [’ on
the interval (z;_1,x;) has the only one axillary coordinate, the number of
this coordinate denote by j([¢ — 1,1]). It is required that the path " on the
short interval (y;, z;) has the two axillary coordinates, which is denoted by
(i = Lal) w j(li.i + 1))

Moreover, in the neighborhood of each critical points of the path [’ the
following conditions are satisfied (which is not a restriction of a generality):

— At the critical points the collection of the principal and the axillary
coordinates are continuous;

— At the point y; the first axillary coordinate with numbers j([i — 1,1]),
j([i,i41]) change continuously, the second axillary coordinate with the num-
ber j([¢,7 + 1]) is not continuous and is changed to the opposite, the second
axillary coordinate with the number j([i — 1,1]) is continuous (this condition
implies that on the short interval (y;, ;) the residues of the first two axillary
coordinates is equal to —1); the third auxiliary coordinate is continuous;

— At the point z; the first two axillary coordinate with numbers j([i —
1,4]), j([i,i + 1]) change continuously; the second axillary coordinate with
the number j([¢ — 1,4]) is not continuous and is changed to the opposite,
the second axillary coordinate with the number j([i,7 + 1]) is continuous
(and therefore on the interval (z;,y;11) the residue of the first two axillary
coordinates is equal to —1), the third axillary coordinate with the number
j([i,i + 1]), generally speaking, is not continuous and is changed by the
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multiplication on the element

with the prescribed value of the turd coordinate at the point x; along the
path ['.

Evidently, the homotopies [ +— " m +— m' are well defined, where
Fs5.(m) =1, F3o(m/) =1".

Let us prove that the value n3(m’) € 1, is given by the following formula:

ns(m’) = HQ(%)- (74)

For the path m' let us consider another path m(, which is also projected
onto I’ and satisfies the equation 6(x;) = 1 for an arbitrary ¢. The homology
class of the path n3(m’) is changed from the homology class of the path
n3(myg) by the element [ [, #(x;) and, moreover, the following formula (72) for
the path my is evident.

For the path m’ the following equation is satisfied:

He(x,-) = 1.

The proof follows from the following facts: the number of jumps of coordi-
nates coincide; the number r of coordinates is even. Lemma 8 is proved.

Let us consider the involution on the canonical covering Z,,, this covering
is given by the formula (66). The involution transforms the ordered triple
((x1,22), (y1,y2)) into the ordered triple ((y1,¥2), (z1,x2)). Let us consider
the composition ¢z, o Fio 0 pz,, @ Zao — Zao — Z4, — K(I4,1). It is not
difficult to prove that this composition is factorized to the following mapping:

¢Z4o . Z4o — K(Id, ].) (75)

From the Lemma 8 we get, that the mapping ¢, © pz,. : Zic — K(Ig 1)
coincides with the mapping ¢,0Gyo0pz,, = bz, 0 Fio0pz,, « Zio — K(Ig,1).
Therefore we get ¢ 0 Gy = ¢z, © Fyo. Therefore the resulting mapping
G0 RYo — K(I,,1) is well defined.
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Proof of Lemma 3

The space RY and the resolution mapping is defined above. For a suitable
mapping (75) (this mapping is well defined up to the composition with the
standard mapping K (I, 1) — K(I,,1), given by the conjugation, the bound-
ary conditions are satisfied. Lemma 3 is proved.

Proof of Lemma 7

Let us prove the statement 1. Assuming the dimensional restrictions (3),
the mapping ¢, : RP"* — R"* is not an embedding and could have self-
intersection points of multiplicities 2,3, or 4. Let us consider the diagram
(35). Denote by N2, C N! the open polyhedron of self-intersection regular
points of ¢j. This polyhedron is immersed into R"~*. By the definition the
following decomposition is well defined: N2, = N! \ L,, where L, is the
obvious denotation for the polyhedron L\ (L N IN), L is defined by the
formula (61). Let us denote by N2, C N2, a little smaller polyhedron,
which is defined by the cutting out from N2, the regular neighborhood of
the polyhedron L,. The following classifying mapping

U(N"), \ M) = RS, (76)

is well defined.

Let us construct the equivariant deformation of the equivariant mapping
(c))® : RPn=F x RP"—F — R"=4 x R"~* C R™ x R™ with the support in a small
regular neighborhood of the subpolyhedron N2/ x N2/ C RP" % x RP"* to
the required equivariant mapping d® in the space of formal mappings with
holonomic self-intersections. In the considered neighborhood of N2/ the map-
ping ¢} is an immersion, therefore by Lemma 6 a formal regular deformation,
which deforms self-intersection polyhedron N’ into self-intersection polyhe-
dron N is well defined. The mapping rez : N \ M — RX is well defined
by an extension of the mapping (76). This mapping satisfies the prescribed
boundary conditions on the diagonal. The statement 1 is proved.

Let us prove the statement 2. The polyhedron M C L by general po-
sition arguments satisfies the following condition: in each simplex of the
triangulation of the polyhedron L the corresponding subsimplex of the sub-
polyhedron M has at least the codimension 3. Therefore the mapping
porez: N\ M — K(I,,1), constructed above, is extended uniquely up
to homotopy to a mapping on the hole N. The mapping (9) is well defined.
The statement 2 is proved.
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Let us prove the statement 3. It is sufficiently to check that the equations
(10) are satisfied (see also [A1,(41)]). Let us prove this equation in the case
g = 0. For an an arbitrary positive ¢ the proof is analogous.

Use the Lemma 27 in [A1], whereby it is sufficient to consider the absolute
cycle pup : R"% — K(I4 1) (recall that this cycle is obtained by means of
the gluing of the map ji,.n : (N,0N) — K(I,1) along the boundary by a
cylinder) and it is sufficient to verify that the cycle up defines a generator of
the homology group H,,_x(K(14,1);Z/2). We denote the homology class of
the cycle ug by v € H,_(K(I4,1);Z/2).

Consider another homology class pr, 1,4 © 7([N]) € H, (K (14,1);Z/2),
which is determined by the cycle, obtained by means of the composition of
the canonical covering 77 : N — K(I., 1) over the characteristic map 7 :
N — K(Dy, 1) with the map pr 1, : K(I.,1) — K(I4,1). In the last formula
the polyhedron N is considered as a closed manifold, i.e. the canonical
covering is taken first over N,, where this canonical covering is well defined.
Then the standard compactification is defined. The result of this standard
compactification is defined as the total space of the covering with ramification
over the boundary ON. The manifold NV is closed, i.e. the canonical covering
is branched over the boundary dN. Denote this homology class by y €
Hy (K (13, 1);2/2).

Let us prove that y is a generator. Indeed, the cohomology class of
y°P that is Poincaré dual to the homology class y is calculated as a normal
characteristic class wy, € HF(RP"*:7Z/2) = H*(K(I4,1);Z/2). (When n =
2¢ — 1 the cohomology class 1wy, is nontrivial.)

Consider another homology class pr, 1,4 © 7([N]) € H,_1(K(14,1);Z/2),
which is determined by the cycle, obtained by means of the composition of
the canonical covering 77 : N — K (I, 1) over the characteristic map 1 : N —
K (Dy, 1) with the map pr 1, : K(I.,1) = K(I4,1). In the previous formula
the polyhedron N is considered as a closed manifold: the canonical covering
is taken first over N,, where this covering is well defined. Then the standard
compactification is defined as the total space of the branched covering over
the boundary ON. Denote this homology class by y € H,, (K (I4,1);7Z/2).

Let us prove that y is a generator. The cohomology class of y° that is
Poincaré dual to the homology class y is calculated as a normal characteristic
class w, € HF(RP"*,Z/2) = H¥(K(I4,1);Z/2). (When n = 2° — 1 the
cohomology class wy, is nontrivial.)

Now let us check that x+ = y. Recall that N = Ng U NEanﬁdmg,
ONk = (Nantidiag Y Naiag) C Ni. Therefore, the 2-sheeted covering N it-
self is represented by the following union: N = Ny, Uy Ng. The

antidiag

Rg,. Moreover,

antidiag

following analogous formula is satisfied: R = L(dy) Up

antidiag
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the mappings fia.n(4,) and gz on the common part L(dp) coincide, because
the mappings on the antidiagonal part are cyclic. The following formula is
satisfied: R = Ry, Ug Ryg. We have Ny = Ry More-
over, the mappings i, and pg on the common part Ny ... - coincide.

Let us use an additional symmetry on the singular polyhedron. The
involution on N, is well defined. This involution is induced by the involution
(46). This involution is invariant on the diagonal and the antidiagonal and
is free outside the antidiagonal component of the boundary. The homology
class © — y is represented by the cycle fiq|y U fig|z, : Nk U Rk — K(14,1),
this cycle is homologous to zero. Lemmas 2 and 7 are proved.

antidiag antidiag antidiag antidiag ®

6 Application

Let us prove [Proposition 28,A1]| with the dimensional restriction (3). The
proof of this proposition is based on [Lemma 14, A3|, this lemma contains a
mistake (self-intersection points of the multiplicity 4 are not well considered
and the mapping t; does not extended on the polyhedron of self-intersection
points). Additionally [A3] contains no proof of Lemma 23. Definition 24 in
|[A1] of cyclic structure for mappings with singularities has to be changed,
the correction is in the presented paper.

Proof [Proposition 28,A1] by means of Lemma 2

Let us consider the equivariant mapping d® : RP"* x RP"% — R™ x R™,
constructed in Lemma 2. The mapping d : RP"* — R" is well defined, the
formal extension of this mapping coincides with the mapping d® near the di-
agonal. Denote by iz, : Uy C RP"™% x RP"* the equivariant neighborhood,
which is rather far from the diagonal, where the mapping d® is holonomic.

Define the open manifold V"% of the dimension n — k as the minimal
manifold, for which the standard embedding ig,, : Uy C VP F x V= F s
well-defined. Let us consider the immersion ¢y : V"% a» RP"*_ for which
the composition ¢y o pg, : Uy — V"% — RP"™* where pg, : Uy — V"
is the natural projection onto the first factor, coincides with the projection
Im(ig, ) on the first factor.

Denote by Uy C RP™* the regular £,-neighborhood of critical points of
the mapping d. The image of the restriction of the mapping ¢ on V"¢ N
¢y (Uan) belongs to the neighborhood Upy C RP™ ..

By assumption the mapping d(2)|UN : Uy — R™ x R” has a holonomic
self-intersection and the mapping 6 : V"% — R, such that d® is the
restriction of the extension of the mapping 6 on Im(ig,) is well defined.
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The restriction of the mapping 6 on V"% N ¢;' (Usy) coincides with the
composition do ¢y. The marked component (possibly, non-connected) of the
self-intersection polyhedron of the mapping 6 is well defined, this component
is PL-homeomorphic to the polyhedron N outside Uyy.

Let us consider an arbitrary element of the group I'mm?®/(n — k, k), this
element is represented by an immersion f' : M™% 9» R", equipped with a
skew-framing (k,Z’). Let us consider the characteristic class k : M™% —
RP™=* of this skew-framing.

Consider the open neighborhood Uyy C RP™* and denote by UM™* C
M"=* the inverse image x~'(Usy) of this neighborhood. Consider an open
subdomain Im(¢y) C RP"* and denote by VM™% ¢ M"* the inverse im-
age k1 (Im(¢y)) of this subdomain. The immersion ¢y : V"% & Im(¢y) C
RP"~* induces the immersion ¢y p; : WM™ * o5 VM™% C M™% and the
mapping Ky 1 WM™k — V"=F by natural way.

Consider the subdomain VM"* N UM"* C M"* and denote by
VUM * the inverse image ¢y}, (VM * N UM"*) ¢ WM"*. The com-
position ko gy : WM™ * — VM™% — RP"* is such that the restriction
of this composition onto the domain VUM"~* ¢ WM™ * coincides with the
composition ko ¢y as : VUM% — VM N UM% — RP"F,

Consider the mapping 0 o kyypr : WM™ % — V=% 5 R” and the map-
ping dok : UM% — Uyy — R". These two mappings coincides on the
subdomain VUM * ¢ WM™ %, i.e. the restrictions §okyy s and dokodw
to this domain coincide.

Let us consider the immersion f' : M™% 95 R™. Let us apply C°principle
[Preposition 30,A1] and let us construct an immersion a; : WM™ % g5 R
e—closed to the composition @ o k3 and the immersion oy : UM™ % 95 R,
e—closed to the composition d o k, where ¢ << e; and satisfy the following
properties:

—1.  the immersions «j, a9 coincide on the common subdomain
VUM™k c WM™ ", ie. the restrictions of oy and s o ¢y onto this
subdomain coincide;

—2. the immersion «; is in the regular homotopy class of f" o ¢y ar|w arm-r+,
the immersion ay is in the regular homotopy class of f’|yrn—kcprn—+-

Self-intersection points of the immersion «; is the manifold with bound-
ary, denote this manifold by N, 31*2’“; Self-intersection points of the immersion
a0 ¢y 1s also the manifold with boundary, denote this manifold by N7~ 2k
The constant € is small enough, therefore the manifold N, contains the
component which is diffeomorphic to the neighborhood of the boundary of
the component N2 * and is denoted by NWU!, ¥ C N2 2. Moreover the
following two properties are satisfied.

The components of the manifold N2 2*\ NW U2 " are divided into the
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following two types. The component of type 1 is immersed into a regular
neighborhood of the self-intersection polyhedron of the mapping d. All the
last self-intersection points of as belong to the components of type 2. Note
that the component of the type 2 consists of self-intersection points x; €
M =k zy € M"F ay(zy) = as(zy), for which k(z1) and k(x9) are closed on
RP"%. Let us take the union of the component of type 2 with NWU;‘;%
and denote this union by N0Z, 2.

The components N ~?* N2 ?* are glued together into one component:
NOz 2k U2 NZI=2F By the construction the manifold NWUZ 2" is
e—closed immersed into ;-regular neighborhood of the boundary of the self-
intersection polyhedron N of the mapping 6 : V"% — R™.

The manifold N072,2* U NZ~% is equipped by an immersion into R”, let
us denote this immersion by g. The immersion g is a D—framed immersion,
because the manifold N0722*UNZ~2* is a component of self-intersection man-
ifold of a skew-framed immersion. The self-intersection manifold is presented
as an intersection of the two regular sheets. In particular, an immersion o,
for which N 022_2’“ is a closed component of intersection is well defined and,
moreover, one may assume that the immersion o coincides with the immer-
sion v in a domain, which self-intersects along NWU?, 2.

The self-intersection manifold of the immersion o) U o of the manifold
with boundary contains a closed component N072*U Nw N2k Denote
the parametrized immersion of this component by g, denote the D—framed
of this immersion by W.

The Hopf invariant A(f’, k,Z’) of the skew-framed immersion (k,Z') co-
incides with the degree modulo 2 of the mapping «. The Hopf invariant of
the framed immersion (g, V) coincides with h(f’, x, Z').

Evidently, in the regular cobordism class [(f'Z')] there exists a skew-
framed immersion (f,Z), which has a closed component of the self-
intersection manifold, which is diffeomorphic to N072* U NZ~% and is
parametrized by a D-framed immersion (g, V). The mapping 11, : NO2,2* U
NI=2 — K(I,,1) is well defined. This mapping is define on the submanifold
N02-2% by means of the cyclic structure of d® and on the submaniflod N2
by the mapping «. The mapping u, on all last components of self-intersection
of the immersion g define as the trivial mapping. The skew-framed immersion
(f,Z) is equipped with the cyclic structure, described above. [Proposition
28,A1] is proved.
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Remark

The statement of [Lemma 13,A3] contains a mistake. This mistake admits
the analogous correction. The definition of abelian structure, used in [Lemma
1,A2] has to be changed and formulated analogously to the definition of cyclic
structure in the presented paper. Analogous changes has to be considered in
|Definitions 28, 29, A2].
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